In real-world diagnostic procedures, due to the limitation of human cognitive competence, a medical expert may not conveniently use some crisp numbers to express the diagnostic information, and plenty of research has indicated that generalized fuzzy numbers play a significant role in describing complex diagnostic information. To deal with medical diagnosis problems based on generalized fuzzy sets (FSs), the notion of single-valued neutrosophic multisets (SVNMs) is firstly used to express the diagnostic information in this article. Then the model of probabilistic rough sets (PRSs) over two universes is applied to analyze SVNMs, and the concepts of single-valued neutrosophic rough multisets (SVNRMs) over two universes and probabilistic rough single-valued neutrosophic multisets (PRSVNMs) over two universes are introduced. Based on SVNRMs over two universes and PRSVNMs over two universes, single-valued neutrosophic probabilistic rough multisets (SVNPRMs) over two universes are further established. Next, a three-way decisions model by virtue of SVNPRMs over two universes in the context of medical diagnosis is constructed. Finally, a practical case study along with a comparative study are carried out to reveal the accuracy and reliability of the constructed three-way decisions model.
Introduction
In medical science and technology, it is acknowledged that disease diagnosis is a rather complicated activity for medical experts who are faced with tasks in handling varieties of uncertain diagnostic information. In order to seek the accurate diagnosis for the considered patients, it is essential for medical experts to take into account a number of related symptoms simultaneously, and this procedure might take a long time to reach a final diagnostic outcome. Considering it is meaningful to cope with the above complex decision making situation within the background of medical diagnosis, plenty of practitioners are likely to focus on the relationship between the diagnosis set and the symptom set, and varieties of achievements have been made on the basis of fuzzy approaches [1] [2] [3] . According to the FS theory established by Zadeh [4] , fuzzy approaches have been extensively used in lots of medical diagnosis situations. However, the modeling tools of classical FSs are confined when multiple kinds of
Preliminaries
In the following, we revisit several fundamental concepts which will be utilized in the latter part of the paper.
SVNMs
As a generalization of many concepts such as FSs, IFSs, SVNSs, etc., the definition of SVNMs and their related operations are presented below. Definition 1. [22] Suppose that U is a finite and nonempty set, a SVNM A is featured by count truth-membership of CT A , count indeterminacy-membership of CI A , count falsity-membership of CF A , where CT A , CI A , CF A : U → R for all x ∈ U. Then a SVNM A is given by For any two SVNMs A and B, it is noted that L (x : A) might be different from L (x : B) in many situations. Through adding the maximum number for the indeterminacy-membership value and the falsity-membership value, and further adding the minimum number for the truth-membership value, we could make L (x : A) = L (x : B).
Definition 3.
[22] For any two SVNMs A and B in the universe U, we have
. . , q ; 4. the union of A and B is represented by A ∪ B such that ∀x ∈ U,
. . , q ; 5. the intersection of A and B is represented by A ∩ B such that ∀x ∈ U,
PRSs
In view of classical rough sets being rather rigorous when constructing lower/upper approximations and often requiring some additional information, Wong and Ziarko [43] took advantage of the probabilistic measure theory, and presented a probabilistic model of rough sets to update the method for obtaining a related rough set region. Definition 4. [43] Suppose that U is the universe of discourse, and P is the probabilistic measure based on the σ algebra. Then (U, R, P) is named a probabilistic approximation space. For any 0 ≤ β ≤ α ≤ 1, X ⊆ U, the lower and upper approximations of X are given by
where the pair P α (X) , P β (X) is named a PRS. Moreover, by virtue of the above approximations, the positive region, negative region and boundary region of X are further given by
it is noted that the above approximations reduce to classical rough sets when α = 1 and β = 0, thus classical rough sets act as a special case of PRSs.
Probabilistic Rough Approximations of a SVNM under the Background of Two Universes
In this section, we aim to put forward the probabilistic rough approximations of a SVNM under the background of two universes, and eventually develop the model of SVNPRMs over two universes. To facilitate our discussion, based on the proposed relation on SVNMs from the universe U to the universe V and some operations, we first discuss the general rough approximations of a SVNM under the background of two universes and present the model of SVNRMs over two universes. Then, we investigate rough single-valued neutrosophic multisets on a probabilistic approximation space over two universes and propose the model of PRSVNMs over two universes. Lastly, the definition of SVNPRMs over two universes is put forward and several significant propositions of the presented model are explored.
Relations on SVNMs Based on Two Universes and Some Operations
In what follows, we introduce the arbitrary relation on SVNMs based on two related universes.
Definition 5.
Suppose that U, V are two universes of discourse, and R is a relation on SVNMs. Then R is given by
Moreover, we denote the family of all relations on SVNMs from U to V as SV N M (U × V).
In order to facilitate the latter discussions of the paper, we present subtraction and division operations, and the corresponding score functions for SVNMs as follows.
Definition 6. For any two SVNMs A and B in the universe U, we have
|x ∈ U, i = 1, 2, . . . , q , which is valid under the
In the following, the corresponding score function is proposed to rank different elements in SVNMs.
is an element in a SVNM, the corresponding score function of x is defined below.
For two elements in a SVNM x 1 and x 2 , we have
SVNRMs over Two Universes
By virtue of the above presented relations on SVNMs based on two universes, the definition of SVNRMs over two universes is put forward below.
Definition 8.
Suppose that U, V are two universes of discourse, and R ∈ SV N M (U × V) is a relation on SVNMs. Then (U, V, R) is named a general approximation space over two universes based on SVNMs. For any A ∈ SV N M (V), x ∈ U, y ∈ V, the lower and upper approximations of A with respect to (U, V, R) are given by
. Based on the above statements, the pair R (A) , R (A) is named a SVNRM over two universes.
PRSVNMs over Two Universes
Considering the various advantages of PRSs, we then extend the presented SVNRMs over two universes to the context of PRSs. In what follows, we first investigate rough single-valued neutrosophic multisets on a probabilistic approximation space over two universes.
Definition 9.
Suppose that U, V are two universes of discourse, R ⊆ U × V is a binary relation on two universes, and P is a probabilistic measure based on the σ algebra. Then (U, V, R, P) is named a probabilistic approximation space over two universes.
Next, we develop the approach to obtain the conditional probability P (A |R (x) ) of an event expressed by SVNMs given the description R (x) ∈ 2 V . Definition 10. Suppose that (U, V, R, P) is a probabilistic approximation space. For any A ∈ SV N M (V), x ∈ U, y ∈ V, the conditional probability P (A |R (x) ) is given by
By virtue of the proposed conditional probability P (A |R (x) ), the definition of PRSVNMs over two universes is put forward as follows.
Definition 11. Suppose that (U, V, R, P) is a probabilistic approximation space over two universes. For any 0 ≤ β ≤ α ≤ 1, A ∈ SV N M (V), x ∈ U, y ∈ V, the lower and upper approximations of A with respect to (U, V, R, P) are given by
where the pair SV N M
is named a PRSVNM over two universes. Moreover, by virtue of the above approximations, the positive region, negative region and boundary region of A are further given by
SVNPRMs over Two Universes
In the previous descriptions, we explore rough single-valued neutrosophic multisets on a probabilistic approximation space over two universes. However, the probabilistic approximation space over two universes (U, V, R, P) could only express the crisp relation of the elements from the universe U to the universe V. Since there exist lots of relations based on SVNMs, it is necessary to study SVNPRMs over two universes. In what follows, we extend the general probabilistic approximation space over two universes to the probabilistic approximation space over two universes on SVNMs, Definition 12. Suppose that U, V are two universes of discourse, R ∈ SV N M (U × V) is a relation on SVNMs, and P is a probabilistic measure based on the σ algebra. Then (U, V, R, P) is named a probabilistic approximation space over two universes based on SVNMs.
Definition 13.
Suppose that (U, V, R, P) is a probabilistic approximation space over two universes based on SVNMs. For any A ∈ SV N M (V), x ∈ U, y ∈ V, the conditional probability P (A |R (x, y) ) is given by
By virtue of the proposed conditional probability P (A |R (x, y) ), the definition of SVNPRMs over two universes is put forward as follows.
Definition 14.
Suppose that (U, V, R, P) is a probabilistic approximation space over two universes based on SVNMs. For any 0 ≤ β ≤ α ≤ 1, A ∈ SV N M (V), x ∈ U, y ∈ V, the lower and upper approximations of A with respect to (U, V, R, P) are given by
where the pair SV N MR
is named a SVNPRM over two universes. Moreover, by virtue of the above approximations, the positive region, negative region and boundary region of A are further given by
It is noted that the parameters α and β in the above definitions can be determined in advance by experts based on their experience and knowledge in realistic decision making situations.
According to the above definitions, a simple example is offered as follows.
is a relation on SVNMs based on two related universes, where
A SVNM A in the universe V is provided below.
By virtue of Definition 13, we obtain
= (0.67, 0.61, 0.55) , (0.32, 0.28, 0.27) , (0.20, 0.14, 0.14) , In what follows, we show some common properties that are owned by the presented SVNPRMs over two universes.
Proposition 1.
Suppose that (U, V, R, P) is a probabilistic approximation space over two universes based on SVNMs. For any 0 ≤ β ≤ α ≤ 1, A ∈ SV N M (V), x ∈ U, y ∈ V, we have the following propositions:
The detailed proofs of Proposition 1 are included in the Appendix A at the end of the paper.
Medical Diagnosis Based on SVNPRMs over Two Universes

Medical Diagnosis Model
In the following, we explore a reasonable and effective medical diagnosis approach by means of SVNPRMs over two universes. As pointed out in the earlier statements, SVNPRMs over two universes take advantage of SVNMs and PRSs at the same time. For one thing, SVNMs are able to provide medical experts with a more powerful tool to describe a complicated medical diagnosis knowledge base, i.e., the SVNMs information could not only handle the uncertain situation well, but also record the diagnostic information at different time intervals reasonably. For another, PRSs-based three-way decisions could further overcome the drawbacks of classical rough sets, and provide a robust decision result by considering the decision risk, hence PRSs-based three-way decisions act as an effectual way to analyze the above SVNMs information.
In the medical diagnosis procedures, suppose that U = {x 1 , x 2 , . . . , x m } is a diagnosis set, and V = {y 1 , y 2 , . . . , y n } is a symptom set. Then based on the universe U and the universe V, medical experts are likely to construct the relationship between the diagnosis set and the symptom set by means of the SVNMs information, which is represented by R ∈ SV N M (U × V). Moreover, suppose that P is a probabilistic measure based on the σ algebra. Hence we establish a medical diagnosis probabilistic approximation space over two universes based on SVNMs (U, V, R, P).
For a given patient, the symptoms of the patient are expressed by a SVNM A in the universe V. Next suppose that α and β are the thresholds provided in advance by medical experts according to their experience and knowledge in realistic medical diagnosis situations. In light of the above statements, it is not difficult to calculate the two approximations of A in terms of (U, V, R, P), which are denoted by SV N MR (A, α, β) . Lastly, the following medical diagnosis rule could be concluded by virtue of the three-way decisions theory originated by Yao [49, 50] . (A, α, β) , i = 1, 2, . . . , m, then medical experts are unable to confirm whether x i is the determined or excluded diagnostic conclusion, they need more additional medical examinations to confirm the final diagnostic conclusion
Algorithm for Medical Diagnosis Model
To summarize, we conclude the medical diagnosis approach for a given patient based on SVNPRMs over two universes (Algorithm 1).
Algorithm 1 Medical diagnosis based on SVNPRMs over two universes.
Require: (U, V, R, P) and A. Ensure: The determined diagnostic conclusion.
Step 1. Calculating the conditional probability P (A |R (x, y) );
Step 2. Presenting the thresholds α and β;
Step 3. Calculating the lower and upper approximations of A in terms of (U, V, R, P).
i.e., SV N MR Step 5. Confirming the determined diagnostic conclusion on the basis of the proposed medical diagnosis rule (P), (N) and (B).
An Illustrative Example
In the following, a case study within the context of medical diagnosis is illustrated as the demonstration of the presented medical diagnosis approach based on SVNPRMs over two universes. The content of the illustrative example (adapted from [26] ) is shown as follows.
Let U = {x 1 , x 2 , x 3 , x 4 } be a diagnosis set (where x i (i = 1, 2, 3, 4) denotes "viral fever", "tuberculosis", "typhoid", and "throat disease", respectively), and V = {y 1 , y 2 , y 3 , y 4 , y 5 } be a symptom set (where y i (i = 1, 2, 3, 4, 5) denotes "temperature", "cough", "throat pain", "headache", and "body pain", respectively). Let R ∈ SV N M (U × V) be a relation on SVNMs based on two related universes, which is recorded in the Table 1 . 
Suppose that the symptoms of the patient is denoted by a SVNM A in the universe V below. 
According to the steps of the proposed medical diagnosis approach (Algorithm 1), we first calculate the conditional probability as follows. Next the two approximations of A in terms of (U, V, R, P) could be obtained.
SV N MR
Based on the above calculated data, we further obtain
Finally, we could obtain the diagnostic conclusion by means of the proposed medical diagnosis rule (P), (N) and (B).
(P) The patient is suffering from viral fever, medical experts need to pay close attention to the diagnosis; (N) The same patient shows no signs of having throat disease, which does not need close attention at the current stage; (B) Medical experts are unable to confirm whether the considered patient is suffering from tuberculosis and typhoid or not due to insufficient diagnostic information, they might organize an expert consultation to confirm the determined diagnostic conclusion at a later stage.
Comparative Analysis
In what follows, in order to show the applicability and validity of the constructed medical diagnosis approach, we compare the approach based on SVNPRMs over two universes with two significant and common approaches (similarity measures and cosine measures) presented in literature [26, 28] respectively. [26] As presented by Ye et al. [26] , suppose that any two SVNMs in the universe U = {x 1 , x 2 , . . . , x m } could be expressed by A = x j , T i A x j , I i A x j , F i A x j x j ∈ U, i = 1, 2, . . . , q and B = x j , T i B x j , I i B x j , F i B x j x j ∈ U, i = 1, 2, . . . , q , then the generalized distance measure between A and B is defined as
Comparison with Other Approaches in Literature
Then based on the generalized distance measure between A and B, two similarity measures are defined as
According to the above stated similarity measures, if we take p = 2, the largest value of similarity measures between the symptoms of the patient and each potential diagnosis could be regarded as the determined diagnostic conclusion. Since the overall ranking result of the similarity measure shows x 1 x 3 x 2 x 4 , the results of two similarity measures indicate the patient is suffering from viral fever, which is identical with the determined diagnostic conclusion obtained from our proposed approach. [28] In literature [28] , the authors mainly proposed a novel decision making method based on cosine measures of SVNMs. We also suppose that any two SVNMs in the universe U = {x 1 , x 2 , . . . , x m } are described as
, . . . , p B1 , T Bi x j , I Bi x j , F Bi x j x j ∈ U , where p denotes the repeated times with the same neutrosophic components. Based on that, the cosine measure between two SVNMs A and B is defined as
As described in the case study section in literature [28] , one customer intends to purchase a car, let U = {x 1 , x 2 , x 3 , x 4 } be a car set with four possible alternatives. Then we let V = {y 1 , y 2 , y 3 , y 4 } be an attribute set (where y i (i = 1, 2, 3, 4) denotes "fuel economy", "price", "comfort", and "safety", respectively). Let R ∈ SV N M (U × V) be a relation on SVNMs based on two related universes, which is recorded in the Table 2 . Suppose that the ideal attribute set is denoted by a SVNM A in the universe V below.
Based on the steps of our proposed approach, we first calculate the conditional probability as follows. Next we further calculate the two approximations of A in terms of (U, V, R, P) and the three divided regions.
SV N MR
Lastly, we could obtain the decision making recommendation by means of the proposed three-way decisions rule (P), (N) and (B).
(P) The customer is suggested to purchase the third car; (N) The same customer is not suggested to by the first car at present; (B) The same customer is not sure whether the second car and the forth car are the ideal selections, he or she might collect some additional information to make a final conclusion at a later stage.
According to the above stated cosine measures of SVNMs, the largest value of cosine measures between the alternatives and attributes for purchasing a car could be regarded as the final decision making conclusion. It is noted that the overall ranking result of the cosine measure shows x 3 x 4 x 1 x 2 , which indicates the customer should buy the third car, the decision making result is also the same as the determined decision making conclusion obtained from our proposed approach.
In conclusion, it is noted that in the above two comparative analyses, though the final decision making result by virtue of our proposed method is the same as the approaches of similarity measures and cosine measures, the overall ranking result by using our proposed method is slightly different from the approaches of similarity measures and cosine measures based on SVNMs. To be specific, if we rank alternatives according to the corresponding values of conditional probability in our presented approach, all the results are shown in the following Tables 3 and 4 . Table 4 . The ranking orders by utilizing two different methods in the second comparison analysis.
Different Methods Ranking Results of Alternatives The Best Alternative
Method 2 based on cosine measures in [28] x 3 x 4 x 1 x 2 x 3 The proposed method
Compared with the approaches of similarity measures and cosine measures based on SVNMs, the approaches of similarity measures and cosine measures lack the ability of processing decision risks and noisy decision making data. In addition, the proposed approach based on SVNPRMs over two universes offers a reasonable and efficient tool for analyzing the SVNMs information, which not only considers the decision risks by introducing a three-way decision tactic, but also enhances the performance of handling various noisy SVNMs data by introducing the thresholds. Moreover, our presented medical diagnosis approach could be seen as another similarity measures approach, i.e., the conditional probability expresses the similarity of the symptoms of the patient A with the relationship between the considered diseases and symptoms, by further adding the thresholds α and β, the ability of processing risk preferences of medical experts could be improved. Thus, the constructed approach based on SVNPRMs over two universes is able to enhance the reliability and accuracy of medical diagnosis efficiently.
Conclusions
In this article, we mainly investigate a PRSs-based method to analyze the SVNMs information within the medical diagnosis context. Specifically, after revisiting several fundamental concepts about SVNMs and PRSs, we first put forward the notion of SVNRMs over two universes and PRSVNMs over two universes. Based on that, the notion of SVNPRMs over two universes is further established. Then some common propositions of the presented SVNPRMs over two universes are further explored. Next, based on the proposed SVNPRMs over two universes, we construct a medical diagnosis approach by means of the three-way decisions strategy. At last, an illustrative case analysis along with a comparative study is carried out to reveal the practicability and effectiveness of the constructed medical diagnosis approach. In future work, it is necessary to establish some more PRSs-based theoretical models based on neutrosophic triplet structures and neutrosophic duplet structures, and it is also meaningful to apply other valid decision making tools to handle various complicated decision making situations. 
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Appendix A
The proofs of Proposition 1 are listed as follows.
Proof.
1. Since A ⊆ B, according to Definition 14, we have > β |x ∈ U, y ∈ V = U.
SV N MR
Hence SV N MR 
